Let (X, d) be a metric space. A set S ⊆ X is said to be a k-metric generator for X if and only if for any pair of different points u, v ∈ X, there exist at least k points w 1 , w 2 , . . .
Introduction
The metric dimension of a general metric space was introduced in 1953 in [4] but attracted little attention until, about twenty years later, it was applied to the distances between vertices of a graph [18, 37, 38] . Since then it has been frequently used in graph theory, chemistry, biology, robotics and many other disciplines. In 2013, in [2] , the theory of metric dimension was developed further for general metric spaces. More recently, this theory has been generalised in [8, 9, 10] , again in the context of graph theory, to the notion of a k-metric dimension, where k is any positive integer, and where the case k = 1 corresponds to the original theory. The idea of the k-metric dimension both in the context of graph theory and general metric spaces was studied further in [3] . This paper deals with the problem of finding the k-metric dimension of graphs where the metric used is not necessarily the standard one. Given a positive integer t and the geodesic distance d in a graph G = (V, E) we consider the metric d t : V × V → R, defined by d t (x, y) = min{d(x, y), t}. In this context, k-metric generators are called (k, t)-metric generators and the k-metric dimension is called (k, t)-metric dimension. The case t ≥ D(G), where D(G) denotes the diameter of G, corresponds to the original theory of kmetric dimension and the case t = 2 corresponds to the theory of k-adjacency dimension. Furthermore, we would point out that this approach allows us to extend the theory of k-metric dimension to the general case of non-necessarily connected graphs.
The paper is structured as follows. In Section 2 we introduce the main concepts and present some basic results. Then in Section 3 we discuss a natural problem in the study of the (k, t)-metric dimension of a graph G which consists of finding the largest integer k such that there exists a (k, t)-metric generator for G. Section 4 is devoted to study the problem of computing or bounding the (k, t)-metric dimension. In particular, we give some basic bounds and discuss the extreme cases, we construct large families of graphs having a common (k, t)-metric generator and show that for t ≥ 2 the (k, t)-metric dimension of lexicographic product graphs does not depend on the value of t. We also show that the (k, t)-metric dimension of the corona product of a graph of order n and some nontrivial graph H equals n times the (k, 2)-metric dimension of H. As a consequence of this strong relationship, in Section 5 we show that the problem of computing the (k, t)-metric dimension is NP-hard for the case in which k is an odd integer. Finally, in Section 6 we discuss some problems which are derived from or related to our previous results.
Terminology and basic tools
Let (X, d) be a metric space. If X is a finite set, we denote its cardinality by |X|; if X is an infinite set, we put |X| = +∞. A set A ⊆ X is called a metric generator for (X, d) if and only if d(x, a) = d(y, a) for all a in A implies that x = y. Roughly speaking, if an object in x knows its distance from each point of A, then it knows exactly where it is located in X. The class of metric generators of X is non-empty since X is a metric generator for (X, d). A metric generator of a metric space (X, d) is, in effect, a global coordinate system on X. For example, if (x 1 , . . . , x p ) is an ordered metric generator of X, then the map ∆ : X → R p given by
is injective (for this vector determines x), so that ∆ is a bijection from X to a subset of R p , and X inherits its coordinates from this subset. Now, a set S ⊆ X is said to be a k-metric generator for X if and only if for any pair of different points u, v ∈ X, there exist at least k points w 1 , w 2 , . . . w k ∈ S such that d(u, w i ) = d(v, w i ), for all i ∈ {1, . . . k}.
Let R k (X) be the set of k-metric generators for X. The k-metric dimension dim k (X) of (X, d) is defined as dim k (X) = inf{|S| : S ∈ R k (X)}.
As inf ∅ = +∞, this means that dim k (X) = +∞ if and only if no finite subset of X is a k-metric generator for X. A set S is a k-metric basis of X if S ∈ R k (X) and |S| = dim k (X). The k-metric dimension of metric spaces was studied in [3] where, for instance, it was shown that if U is any non-empty open subset of any one of the three classical ndimensional geometries of constant curvature, namely Euclidean space R n , Spherical space S n and Hyperbolic space H n , then dim k (U ) = n + k. If we consider the discrete metric space (equivalently, a complete graph), then dim 1 (X) = |X| − 1 and dim 2 (X) = |X|. Furthermore, for k ≥ 3 there are no k-metric generators for the discrete metric space. The reader is refereed to [8, 9, 10] for previous results on the k-metric dimension of graphs.
A basic and useful result on the k-metric dimension of metric spaces is the following one.
Theorem 1 (Monotony of dim k (X) with respect to k [3] ). Let (X, d) be a metric space, and k a positive integer. Then,
Given a positive integer t and a metric space (X, d), the function
is a metric on X. If d(x, y) ≤ t, then d t (x, y) = d(x, y), so that the d t -metric topology coincides with the d-metric topology. Furthermore, if d(x, y) ≥ 1, then d 1 (x, y) = 1, so that if d(x, y) ≥ 1 for all x, y ∈ X, then the d 1 -metric topology coincides with the discretemetric topology (equivalently, the topology of a complete graph). The study of the kmetric dimension of (X, d t ) was introduced in [3] as a tool to study the k-metric dimension of the join of two metric spaces, and it was introduced previously in the particular context of graphs [12] . The next result shows that the k-metric dimension of a single metric space varies when we distort the metric from d to d t as above. From now on, the k-metric dimension of (X, d t ) will be denoted by dim t k (X). Theorem 2.
[3] Let (X, d) be a metric space, and k a positive integer, and suppose that 0 < s < t. Then
However, it can happen that
If X has diameter D(X) ≤ t, then the equalities in (3) are achieved. Furthermore, as we will show in Theorem 20, the equalities in (3) can be achieved for some metric spaces of diameter D(X) > t ≥ 2. Before giving an example which shows that (4) can hold, we proceed to state the following result which shows that the study of dim k (X) should be restricted to the case of bounded metric spaces.
Theorem 3. For any unbounded connected metric space (X, d) and any t > 0, dim
Proof. We shall show that dim t 1 (X) < +∞ implies that (X, d) is bounded. Assume that a finite set S ⊂ X is a 1-metric basis of (X, d t ) and take s 0 , s 1 
We have learned from [3] that dim k (R n ) = n + k and, according to Theorems 1 and 3 dim t k (R n ) = +∞, which shows that (4) can hold. Let G = (V, E) be a simple and finite graph. If G is connected, then we consider the function d : V ×V → N∪{0}, where d(x, y) is the length of a shortest path between x and y and N is the set of positive integers. Obviously (V, d) is a metric space, since d is a metric on V . From now on, we will use the more intuitive notation dim
In this context, in order to emphasize the role of t we will use the terminology, (k, t)-metric generator, (k, t)-metric basis and (k, t)-metric dimension of G = (V, E), instead of k-metric dimension, k-metric basis and k-metric dimension of (V, d t ), respectively. Notice that when using the metric d t the concept of k-metric generator needs not be restricted to the case of connected graphs, as for any pair of vertices x, y belonging to different connected components of G we can assume that d(x, y) = +∞ and so d t (x, y) = t. Hence, we can consider that the metric dimension of a non-connected graph G equals the (k, t)-metric dimension, where t is greater than or equal to the maximum diameter among the connected components of G.
We would point out the following dimension chain, which is a direct consequence of Theorems 1 and 2. For any finite graph G and any integers k ≥ 1 and t ≥ 2,
Throughout the paper, we will use the notation K n , K r,n−r , C n , N n and P n for complete graphs, complete bipartite graphs, cycle graphs, empty graphs and path graphs of order n, respectively.
We use the notation u ∼ v if u and v are adjacent vertices and G ∼ = H if G and H are isomorphic graphs. For the remainder of the paper, definitions will be introduced whenever a concept is needed.
On (k, t)-metric dimensional graphs
In this section we discuss a natural problem in the study of the k-metric dimension of a metric space (X, d t ) which consists of finding the largest integer k such that there exists a k-metric generator for X. We say that a graph G is (k, t)-metric dimensional if k is the largest integer such that there exists a (k, t)-metric basis of G. Notice that if G is a (k, t)-metric dimensional graph, then for each positive integer r ≤ k, there exists at least one (r, t)-metric basis of G.
Given a graph G and two different vertices x, y ∈ V (G), we denote by D G,t (x, y) the set of vertices that distinguish the pair x, y with regard to the metric d t , i.e.,
Throughout the article, if the graph G is clear from the content, then we will just write D t (x, y).
Note that a set S ⊆ V is a (k, t)-metric generator for G = (V, E) if |D t (x, y) ∩ S| ≥ k for every two different vertices x, y ∈ V . It can also be noted that two different vertices x, y ∈ V belong to the same twin equivalence class of G if and only if D t (x, y) = {x, y}. By simplicity, if G has diameter D(G) and it is clear from the context that t ≥ D(G), then we will use the notation D(x, y) instead of D t (x, y).
Since for every pair of different vertices x, y ∈ V we have that |D t (x, y)| ≥ 2, it follows that the whole vertex set V is a (2, t)-metric generator for G and, as a consequence, we deduce that every graph G is (k, t)-metric dimensional for some k ≥ 2. On the other hand, for any graph G = (V, E) of order n ≥ 3, there exists at least one vertex v ∈ V and two vertices x, y ∈ V such that {x, y}
∈ D t (x, y) and, as a result, there is no n-metric dimensional graph of order n ≥ 3. Comments above are emphasized in the next remark.
Remark 4. Let t be a positive integer and let
We define the following parameter d t (G) = min x,y∈V {|D t (x, y)|}. The next general result was stated in [7] for the particular case of t = 2 and also in [8] for t ≥ D(G).
. Now we suppose that k < d t (G). In such a case, for every
We now proceed to prove that the time complexity of computing d t (G) is O(n 3 ). We assume that the graph G is represented by its adjacency matrix A G . Hence, the problem is reduced to finding the value of d t (G). To this end, we can initially compute the distance matrix D G from the matrix A G by using the well-known Floyd-Warshall algorithm [35, 39] , which has time complexity O(n 3 ). The distance matrix D G is symmetric of order n × n whose rows and columns are labelled by vertices, with entries between 0 and n − 1 (or +∞ if G is not connected). Now observe that for every x, y ∈ V (G) we have that z ∈ D t (x, y) if and only if min{D G (x, z), t} = min{D G (x, z), t}.
Given the distance matrix of G, computing how many vertices belong to D t (x, y) for each of the n 2 pairs x, y ∈ V can be checked in linear time. Therefore, the overall running time of such a process is bounded by the cubic time of the Floyd-Warshall algorithm.
As Theorem 5 shows, in general, the problem of computing d t (G) is very easy to solve. Even so, it would be desirable to obtain some general results on this subject. In this section we restrict ourself to discuss the extreme cases d t (G) = 2 and d t (G) = n − 1, and to study the parameter d t (G) for the particular case of paths and cycles.
If two vertices u, v of G belong to the same twin equivalence class, then D t (u, v) = {u, v}, and as a consequence, we deduce the following result.
Corollary 6. A graph G is (2, t)-metric dimensional if and only if t = 1 or there are at least two vertices of G belonging to the same twin equivalence class.
An example of a (2, t)-metric dimensional graph is the star K 1,n−1 , whose (2, t)-metric dimension is dim t 2 (K 1,n−1 ) = n − 1 for any t ≥ 2, while examples of trees which are not (2, t)-metric dimensional are the paths P n for n ≥ 4 and t ≥ 2, as we will show in Proposition 7.
Proposition 7. Let n ≥ 3 and t be two integers. Then the following statements hold.
Proof. Since n ≥ 3, Remark 4 leads to d t (P n ) ∈ {2, . . . , n − 1}. Let {u 1 , u 2 , . . . , u n } be the set of vertices of P n where u i ∼ u i+1 , for all i ∈ {1, . . . , n − 1}.
We now consider two cases:
. . , n} be a pair of integers different from the pairs 1, 2 and n − 1, n such that l < r. We first assume that
We now assume that r − l ≤ t − 1. For a given vertex u i we define the ball of center u i and radius t − 1 as
Notice that for any vertex u i , |B i | ≥ t and the equality holds if and only if i ∈ {1, n}. Now, since n ≥ t + 2 and r − l ≤ t − 1, we can claim that |B l | ≥ t + 1 or |B r | ≥ t + 1. Hence, if l = 1 and r = n, then
On the other side, if l = 1, then r ≥ 3 and so
The case r = n is analogous to the previous one. Therefore, d t (P n ) = t + 1.
(ii) Let t ≥ n − 2. For any pair of different vertices there exists at most one vertex which is not able to distinguish them. Therefore, in this case d t (P n ) = n − 1.
Proposition 8. Let n ≥ 3 and t be two integers. Then the following statements hold.
(i) If n is odd and 2 ≤ t ≤ n − 1 2 or n is even and
(ii) If n is odd and
Proof. Since n ≥ 3, Remark 4 leads to 2
. . , u n−1 } be the vertex set of the cycle C n , where u i ∼ u i+1 and the subscripts of u i ∈ V are taken modulo n. We now consider four cases:
(i) Assume that n is odd and 2 ≤ t ≤ n − 1 2 . Since t ≥ 2, we have that n ≥
5, and from
l, r ∈ {0, . . . , n − 1} be two integers such that l < r and r
, and as a
, and thus, |D t (u l , u r )| ≥ 2t again. Therefore,
The case n is even and 2 ≤ t ≤ n − 2 2 is completely analogous to the previous one.
(ii) n is odd and t ≥ n − 1 2 . For any pair of different vertices there exists exactly one vertex which is not able to distinguish them. Therefore, d t (C n ) = n − 1.
(iii) n is even and t ≥ n − 2 2 . For any pair of vertices
Once presented the two propositions above, we are now ready to present the characterization of (n − 1, t)-metric dimensional graphs.
Proof. Since n ≥ 3, Remark 4 leads to d t (G) ∈ {2, . . . , n − 1}. If G is a path of order n ≤ t + 2, then by Proposition 7 we have that G is (n − 1, t)-metric dimensional. If G is a cycle of odd order n ≤ 2t + 1, then by Proposition 8 
On the other side, let G be a graph such that d t (G) = n − 1. Hence, for every pair of different vertices x, y ∈ V (G) there exists at most one vertex which does not distinguish x, y. Suppose G has maximum degree ∆(G) > 2 and let v ∈ V (G) such that {u 1 , u 2 , u 3 } ⊆ N (v). Figure 1 shows all the possibilities for the links between these four vertices. Figures 1 (a), 1 (b) and 1 (d) show that v, u 1 do not distinguish u 2 , u 3 . Figure  1 (c) shows that u 1 , u 2 do not distinguish v, u 3 . This analysis shows that d t (G) ≤ n − 2, which is a contradiction and, as a consequence, ∆(G) ≤ 2. If G is connected, then we have that G is either a path or a cycle, and by Propositions 7 and 8, we deduce that G ∼ = P n for n ≤ t + 2, or G ∼ = C n for an odd integer n ≤ 2t + 1. From now on we assume that G is not connected. Notice that each connected component is either a path, or a cycle or an isolated vertex. If one of the connected components G has order at least three, then there exist three vertices v, x, y such that N (v) = {x, y}. Neither v nor the vertices of connected components different from G are able to distinguish x and y, which is a contradiction. Thus, each connected component of G has maximum degree at most one. Therefore, if K 2 is a connected component of G, then G ∼ = K 1 ∪ K 2 , and if G is empty, then n = 3. 
On the (k, t)-metric dimension of graphs
In this section we study the problem of computing or bounding the (k, t)-metric dimension.
Since for any graph G of order n ≥ 2, we have that d 1 (G) = 2, dim 1 1 (G) = n − 1 and dim 1 2 (G) = n, from now on we assume that t ≥ 2. To begin with, we consider the limit case of the trivial bound dim
Proof. It is readily seen that if k ∈ {1, 2}, n ≤ t + 1 and
Conversely, suppose that dim t k (G) = k and let S be a (k, t)-metric basis of G. Given s ∈ S and a non-negative integer r, we define the set
Since |S| = k and for any x, y ∈ V (G), |S ∩ D t (x, y)| ≥ k, we have that S ⊆ D t (x, y), i.e., for any s ∈ S and x, y ∈ V (G), d t (s, x) = d t (s, y). Hence, for any s ∈ S and any non-negative integer r, we have |Γ r (s)| ≤ 1, which implies that n ≤ t + 1 and also G ∼ = K 1 ∪ P n−1 or G ∼ = P n . Notice that the vertices in S must have degree at most one and so we deduce that k = |S| ≤ 2.
The following result is a direct consequence of Theorems 1 and 5.
Theorem 11. For any graph G of order n and any k ∈ {1, . . . ,
As the following result shows, the bound above is tight.
Remark 12. Let k ≥ 1, t ≥ 2 and n ≥ 3 be three integers. Then the following statements hold.
(i) [7, 24] For any n ≥ 4, dim
(iv) [7, 24] For any n ≥ 4, dim
or n is even and t ≤ n−2 2
Proof. By combining Proposition 7 and Theorems 10 and 11 we deduce (ii) and by combining Proposition 8 and Theorems 10 and 11 we deduce (v) and (vi).
We now proceed to prove (iii). Let V = {v 1 , v 2 , . . . , v n } be the vertex set of P n , where v i ∼ v i+1 , for all i ∈ {1, . . . , n − 1}, and set
Note that |S| = k + 1. If n ≤ 2t − k + 3, then for any pair of different vertices u, v ∈ V there exists at most one vertex w ∈ S such that d t (w, u) = d t (w, v). Thus, for every pair of different vertices x, y ∈ V , there exist at least k vertices of S such that they distinguish x, y. So S is a (k, t)-metric generator for P n . Therefore, dim k (P n , t) ≤ |S| = k + 1 and, consequently, (iii) follows by Theorem 10.
Finally, we proceed to prove (vii). By combining Proposition 8 and Theorems 10 and 11 we deduce that for n even, t ≥
, any set of k + 1 consecutive vertices of C n is a (k, t)-metric generator and, in such a case dim t k (C n ) = k + 1. Therefore, the proof of (vii) is complete.
Let D t,k (G) be the set obtained as the union of the sets D t (x, y) that distinguish a pair of different vertices x, y whenever |D t (x, y)| = k, i.e.,
By a reasoning similar to that described in the proof of Theorem 5 we can check that the time complexity of computing
and as a consequence, dim
Since every pair of different vertices x, y is distinguished only by the elements of
and as a consequence, D t,dt(G) (G) ⊆ B. Therefore, the result follows.
The bound given in Remark 13 is tight. For instance, for t ≥ D(G) we already shown in [8] that there exists a family of trees attaining this bound for every k. Other examples for any positive integer t ≥ 2 can be derived from the following result. Theorem 14. Let G = (V, E) be a graph of order n ≥ 2. Then the following assertions hold.
On the other hand, assume that dim t dt(G) (G) = n. Note that for every a, b ∈ V , we have |D t (a, b)| ≥ d t (G). If there exists at least one vertex x ∈ V such that x / ∈ D t,dt(G) (G), then for every a, b ∈ V , we have |D t (a, b) \ {x}| ≥ d t (G) and, as a consequence, V \ {x} is a (d t (G), t)-metric generator for G, which is a contradiction. Therefore,
Finally, if |D t,dt(G) (G)| = n−1, by Remark 13 and (i) we conclude that (ii) follows.
Corollary
We will show other examples of graphs that satisfy Theorem 14 for k ≥ 3. Let W 1,n = K 1 + C n be the wheel graph and F 1,n = K 1 + P n be the fan graph. Since V (F 1,4 
Large families of graphs having a common (k, t)-metric generator
The aim of this subsection is to show examples of large families of graphs (defined on a common vertex set) having a common (k, t)-metric generator. We will use the notation d G,t (x, y) instead of d t (x, y) with the aim of emphasising that the distance has been defined on G. Let B be a (k, t)-metric basis of a graph G = (V, E) of diameter D(G), and let D t (G) = min{D(G), t}. For any r ∈ {0, 1, . . . , D t (G)} we define the set
In particular, B 0 (B) = B and
Assume that G ∼ = K n . Given a (k, t)-metric basis B of G we say that a graph G = (V, E ) 
Notice that if B Dt(G)−2 (B) V , then any graph G ∈ G B (G) is isomorphic to a graph G * = (V, E * ) whose edge set E * can be partitioned into two sets E * 1 , E * 2 , where E * 1 consists of all edges of G having at least one vertex in B D(G)−2 (B) and E * 2 is a subset of edges of a complete graph whose vertex set is
then G B (G) contains 2 l different graphs, where some of them could be isomorphic.
Theorem 17. Any (k, t)-metric basis B of a graph G is a (k, t)-metric generator for any graph G ∈ G B (G), and as a consequence,
Proof. Assume that B is a (k, t)-metric basis of a graph G = (V, E), and G ∈ G B (G). We shall show that B is a (k, t)-metric generator for G . To this end, we take two different
vertices u, v ∈ V . Since B is a (k, t)-metric basis of G, there exists B uv ⊆ B such that |B uv | ≥ k and for every x ∈ B uv we have that
. Now, consider the following two cases for u, v.
(1) u, v ∈ B Dt(G)−1 (B). In this case, since for every x ∈ B uv we have that
Notice that since B is a (k, t)-metric basis of G, the case u, v ∈ B Dt(G)−1 (B) is not possible. According to the two cases above, B is a (k, t)-metric generator for G . Therefore, dim
. By Theorems 10 and 17 we deduce the following result.
Remark 18. Let B be a (k, t)-metric basis of a graph G of order n ≥ t + 2 and let 
The case of lexicographic product graphs
Let G be a graph of order n, and let H = {H 1 , H 2 , . . . , H n } be an ordered family composed by n graphs. The lexicographic product of G and H is the graph G • H, such that Figure 3 shows the lexicographic product of P 3 and the family composed by {P 4 , K 2 , P 3 }, and the lexicographic product of P 4 and the family {H 1 , H 2 , H 3 , H 4 }, where H 1 ∼ = H 4 ∼ = K 1 and H 2 ∼ = H 3 ∼ = K 2 . In general, we can construct the graph G • H by taking one copy of each H i ∈ H and joining by an edge every vertex of H i with every vertex of H j for every u i u j ∈ E(G).
Figure 3:
The lexicographic product graphs P 3 • {P 4 , K 2 , P 3 } and P 4 • {H 1 , H 2 , H 3 , H 4 }, where
The standard concept of lexicographic product graph is the particular case when H i ∼ = H for every i ∈ {1, . . . , n} and it is denoted as G • H for simplicity. Another particular case of lexicographic product graphs is the join graph. The join graph G + H is defined as the graph obtained from disjoint graphs G and H by taking one copy of G and one copy of H and joining by an edge each vertex of G with each vertex of H [17, 41] 
Moreover, complete k-partite graphs,
The lexicographic product graph G • H connected if and only if G is connected and, in such a case, the relation between distances in G • H and those in its factors is presented in the following remark.
Remark 19. If G is a connected graph and (u
We would point out that the remark above was stated in [16, 22] for the case where
The lexicographic product has been studied from different points of view in the literature. For instance, the metric dimension and related parameters have been studied in [9, 11, 24, 29, 31, 36] . For more information on product graphs we suggest the books [16, 22] .
The following result allows to extend the results on the (k, t)-metric dimension of lexicographic product graphs G • H to results on the (k, 2)-metric dimension of G • H, and vice versa.
Theorem 20. Let G be a connected graph of order n ≥ 2 and let H = {H 1 , . . . , H n } be a family composed by nontrivial graphs, and t ≥ 2 an integer. A set A ⊆ V (G • H) is a (k, t)-metric generator for G • H if and only if A is a (k, 2) -metric generator for G • H, and as a consequence, dim
Proof. By definition, any (k, 2)-metric generator for a graph is also a (k, t)-metric generator for t ≥ 2. Considering that any (k, D(G))-metric generator for a graph G is also a (k, t)-metric generator for t > D(G), we only need to prove that any (k, D(G • H))-metric generator for G • H is also a (k, 2)-metric generator. For simplicity, we will use the terminology of k-metric generator and k-adjacency generator. Let V (G) = {u 1 , . . . , u n }, let S be a k-metric generator for G•H, and let S i = S ∩({u i }×V (H i )) for every u i ∈ V (G). We differentiate the following four cases for two different vertices
Case 1. i = j. In this case v = w. By Remark 19, no vertex from
Case 3. i = j and N (u i ) = N (u j ). This case is analogous to the previous one.
Case 4. i = j and u i , u j are not twins. Hence, there exists
Hence, for any vertex (u l , x) ∈ S l we have that
According to Case 1, we have that |S l | ≥ k. Therefore, we conclude that
In conclusion, S is a k-adjacency generator for G • H. The proof is complete.
The reader is referred to [24, 36] for results on dim 1 (G • H), and to [9] for results on dim k (G • H), where k ≥ 2.
The case of corona product graphs
Let G be a graph of order n and let H = {H 1 , H 2 , . . . , H n } be a family of graphs. The corona product graph G H, introduced by Frucht and Harary [14] , is defined as the graph obtained from G and H by joining by an edge each vertex of H i with the ith vertex of G, for every H i ∈ H. Note that G H is connected if and only if G is connected. In particular, if the graphs in H are isomorphic to a given graph H, then we use the notation G H instead of G H.
The metric dimension and related parameters of corona product graphs have been studied in [11, 12, 13, 15, 23, 28, 33, 34, 40] . In this subsection we will show that if t ≥ 3 and H is composed by non-trivial graphs, then the (k, t)-metric dimension of G H equals the sum of the (k, t)-metric dimensions of the graphs in H. In Section 5 we will show that this strong relationship is an important tool to investigate the computational complexity of computing the (k, t)-metric dimension of graphs.
Theorem 21. Let G be a connected graph of order n ≥ 2, and H a family of n non-trivial graphs. For any integers t ≥ 3 and k ≥ 1,
Proof. We first introduce some notation. Let V 0 = {u 1 , u 2 , . . . , u n } be the vertex set of G, and let H = {H 1 , H 2 , . . . , H n }. For every i ∈ {1, . . . , n}, the vertex set of H i will be denoted by V i , so that the vertex set of G H is V = n i=0 V i . If there exists a (k, t)-metric basis S for G H, then S∩V i is a (k, 2)-metric generator for H i , as no vertex outside of V i is able to distinguish two vertices in V i and
We now proceed to show that W = n i=1 W i is a (k, t)-metric generator for G H, where W i ⊆ V i is a (k, 2)-metric basis of H i , for every H i ∈ H. To see this we differentiate the following cases for two different vertices x, y ∈ V .
According to the three cases above we conclude that W is a (k, t)-metric generator for G H and, as a consequence,
On the other hand, if there exists H i ∈ H such that no subset of V i is a (k, 2)-metric generator for H i , then no subset of V is a (k, t)-metric generator for G H, so that dim
Computational complexity
We next deal with the following decision problem, for which we prove its NP-completeness for the case in which k is an odd integer.
In order to study the problem above, we analyze its relationship with the two decision problems which are stated at next. We show that the first one of them is NP-complete, and for the second one, it is already known as an NP-complete problem from [12] .
Since the problem above ((1, 2)-METRIC DIMENSION PROBLEM) was proved to be NP-complete in [12] , we shall proceed as follows. We first make a reduction from the (1, 2)-METRIC DIMENSION PROBLEM to the (k, 2)-METRIC DIMENSION PROBLEM, which shows the NP-completeness of this last mentioned problem. We further make a reduction from the (k, 2)-METRIC DIMENSION PROBLEM to the (k, t)-METRIC DIMENSION PROBLEM, t ≥ 3, showing the NP-completeness of our main problem.
We first consider a family of graphs H k constructed in the following way. Let k be an odd integer and let r = 3. Add edges aa i , ba i , cc i and dc i with i ∈ {1, . . . , r} and edges bb j dd j with j ∈ {1, . . . , k − 1}.
4. Add edges ab k−1 and cd k−1 .
5. For each vertex w l such that w ∈ {a, b, c, d} and (l ∈ {1, . . . , r} or l ∈ {1, . . . , k − 1} accordingly), add r + 1 vertices w l,q , q ∈ {1, . . . , r + 1}, and edges w l w l,q for every q ∈ {1, . . . , r + 1}. For each w l , we shall denote by W l (namely A l , B l , C l or D l ) the set of such vertices adjacent to w l .
6. With all the vertices of the sets A l 's and the sets B l 's, construct a complete multipartite graph K r+1,...,r+1 having k + r − 1 partite sets each of cardinality r + 1 (each partite set given by a set A l or by a set B l ).
7. Similarly, proceed with the sets C l 's and the sets D l 's to obtain another complete multipartite graph K r+1,...,r+1 .
8. For every i ∈ {1, . . . , r} and j ∈ {1, . . . , r + 1}, add the edges a i,j c q,j with q ∈ {1, . . . , r}.
9. For every i ∈ {1, . . . , r} and j ∈ {1, . . . , r + 1}, add the edges b i,j d q,j with q ∈ {1, . . . , r}.
10. For every i ∈ {r + 1, . . . , 2r} and j ∈ {1, . . . , r + 1}, add the edges b i,j d q,j with q ∈ {r + 1, . . . , 2r}. Figure 4 shows an sketch of the graph H 5 . We can easily check the following properties of H k .
Remark 22. For any graph H k the following follows.
. . , r} and j ∈ {1, . . . , r + 1}), and δ(b i,j ) = δ(d i,j ) = 3r(r + 1) (with i ∈ {1, . . . , k − 1} and j ∈ {1, . . . , r + 1}).
We now study the (k, 2)-metric dimension of the graph H k for any odd integer k.
Remark 23. For any graph H k with k being an odd integer, dim 
, respectively, and this is not possible. Thus
Consequently, at most three vertices of the sets A l 's, B l 's, C l 's and D l 's do not belong to S. Now, we note that |D 2 (a, a i )| = k + 2, i ∈ {1, . . . , r}, which means that at most two vertices of the set {a, b k−1 , a 1 , . . . , a r } ⊆ D 2 (a, a i ) do not belong to S. Similarly, at most two vertices of the set {c, d k−1 , c 1 , . . . , c r } do not belong to S. If exactly two vertices of the set {a, b k−1 , a 1 , . . . , a r } do not belong to S, then | (
there is a vertex a j for which |D 2 (a, a j )| < k. A similar reasoning can be deduced for the set of vertices {c, d, d k−1 , c 1 , . . . , c r }. Consequently, we have either one of the following situations.
• Exactly two vertices of the set {a, , d k−1 , c 1 , . . . , c r } do not belong to S.
Notice that it cannot happen: at most one vertex of the set {a, b, b k−1 , a 1 , . . . , a r } do not belong to S, | ( In any of the situations previously described, we can deduce that at most four vertices in the set {a, b k−1 , a 1 , . . . , a r } ∪ {c, d k−1 , c 1 , . . . , c r } ∪ (
Finally, since at most two vertices of the sets B l 's and D l 's do not belong to S, we obtain that at most six vertices of H k do not belong to S, or equivalently, dim
We will show that S is a (k, 2)-metric generator for H k . To this end, we consider the following table containing lower bounds for the value |D 2 (x, y) ∩ S | for some pairs of vertices x, y ∈ V (H k ) (in some cases the bounds are not the best ones, but enough to prove what we need). 
The remaining cases are left to the reader.
As a consequence of the situations described above, we have that S is a (k, 2)-metric generator for H k . Therefore, dim 2 k (H k ) ≤ R − 6 and the equality follows. In order to continue our exposition, we assume some notations. According to the definition of corona product graphs G H (whether all the graphs in the family H are isomorphic to a graph H) given in Subsection 4.3, from now on we will denote by U = {u 1 , u 2 , . . . , u n } the set of vertices of G and by V i the vertices of H i , i ∈ {1, . . . , n}. Moreover, the vertex set of G H is given by {u 1 , u 2 , . . . , u n } ∪ {(u i , v j ) : u i ∈ U, v j ∈ V j }. Now, given any connected graph G and an odd integer k, we shall construct a graph G in the following way. ).
to
and (6) follows. The reduction from the (1, 2)-METRIC DIMENSION PROBLEM to the (k, 2)-METRIC DIMENSION PROBLEM is deduced by Remark 23 and (6).
Our next step is the proof of the NP-completeness of our main problem: the (k, t)-METRIC DIMENSION PROBLEM. To this end, we shall use a result already presented in Subsection 4.3.
Theorem 25. For any odd integer k and any integer t ≥ 2, the (k, t)-METRIC DIMEN-SION PROBLEM is NP-complete.
Proof. Since verifying that a given set is a (k, t)-metric generator can be done in polynomial time, the problem is in NP. Consider now any non-trivial graph H and let G be any connected graph of order n ≥ 2. By Theorem 21, dim
Thus, the reduction from the (k, 2)-METRIC DIMENSION PROBLEM to the (k, t)-METRIC DIMENSION PROBLEM is deduced, and the proof is completed.
Concluding remarks and future works
In this section we discuss some problems which are derived from or related to our previous results. All these problems deserve a deeper study than we have yet given them.
• (k, t)-metric dimensional graphs.
In Section 3 we have discussed a natural problem in the study of the k-metric dimension of a metric space (X, d t ) which consists of finding the largest integer k such that there exists a k-metric generator for X. We have shown that, when restricted to the case of an specific graph, the problem is very easy to solve. Even so, Theorem 11 shows that from a theoretical point of view it would be desirable to obtain some general results on this subject.
• Computing the (k, t)-metric dimension.
In Section 4 we give some basic bounds on dim t k (G) and discuss the extreme cases. We also show that there are some families of graphs having the same (k, t)-metric dimension and give the value of dim t k (G) for some particular cases. It would be desirable to obtain specific results on dim t k (G) for graphs satisfying certain restriction, i.e., the case of product graphs. We would emphasize that the problem of computing the (k, 2)-metric dimension (k-adjacency dimension) of corona product graphs remains open.
• The simultaneous metric dimension of metric spaces.
Given a family
(r) )} of metric spaces, we define a simultaneous k-metric generator for X to be a set S ⊆ X such that S is simultaneously a k-metric generator for each metric space (X, d
(i) ). We say that a smallest simultaneous k-metric generator for X is a simultaneous k-metric basis of X , and its cardinality the simultaneous k-metric dimension of X , denoted by Sd k (X ). The simultaneous 1-metric dimension was introduced in [32] , where the families of metrics spaces are composed by graphs defined on the same vertex set, which are equipped with the geodesic distance.
We now illustrate this with three examples. , where i is a positive integer. Consider a metric space (X, d) and the associated family of metric spaces X = {(X, d), (X, d
(1) ), (X, d (2) ), . . .}. Let x, y, z ∈ X. Then d(x, y) = d(x, z) if and only if d (i) (x, y) = d (i) (x, z), for all integers i ≥ 1. Hence, any k-metric generator of (X, d) is a k-metric generator of (X, d
(i) ) and vice versa. Therefore, Sd k (X ) equals the k-metric dimension of (X, d).
• The lexicographic product of metric spaces.
The lexicographic product of two metric spaces can be defined in a similar way to the lexicographic product of two graphs. Let (X, d) be a metric space. If there exists t > 0 such that min As with graphs, X • Y always represents the metric space (X × Y, ρ), where in this case t will be understood from the context. As in the case of graphs, the definition above can be generalised to the product of a metric space times a family of metric spaces.
For any x, x ∈ X such that d(x, x ) = . In this case, it is not difficult to check that the k-metric dimension of G • Y equals n times the (k, t)-metric dimension of (Y, d
(1) ). We leave the details to the reader.
• Computational complexity.
Theorem 25 allows to claim that computing the (k, t)-metric dimension of graphs is NP-hard for the case in which k is an odd integer. It is probably not surprising that the case k even has similar complexity. However, this case remains open and it would be interesting to complete this study. Moreover, in concordance with the NP-hardness of the problem, it might deserve to develop some approximation algorithms for this general approach as those ones already known for the standard metric dimension (see for instance [19] and [20] ).
• Practical applications.
The metric dimension of graphs in its standard version ((k, t)-metric dimension with k = 1 and t as the diameter of G) has found in the last decades several applications to practical problems. For instance, the author of [25, 26] rediscovered the concept of metric dimension while investigating some topics in chemistry. Applications to problems of pattern recognition and image processing appeared in [30] and to navigation of robots in networks in [6, 21, 27] . Also, some connections between the metric dimension and the Mastermind game or coin weighing have been presented in [5] . Furthermore, in the recent work [1] , the k-metric dimension ((k, t)-metric dimension with k > 1 and t as the diameter of G) has found an interesting application while designing error-correcting codes. In this sense, it is natural to look also for some possible applications for this new general approach introduced in this work.
